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This paper presents numerical results obtained for a dynamic system that is modeled using Hamilton’s law of

varying action and for which geometric constraints are enforced explicitly. These results are compared with

numerical results for the same system thatwere obtained fromordinary differential equations, differential-algebraic

equations, and a formulation based on Hamilton’s law in which the constraints were enforced implicitly. This

comparison had two objectives: first, to show that numerical results from the formulation based on Hamilton’s law

and explicit constraints were equal or superior to results from other formulations; second, to verify that explicit

constraints must be enforced at the end of the time step. Both objectives were successfully accomplished.

Nomenclature

a = parabola constant
Ei = total energy at time step ti
F = external forces acting on the particle
fc = constraint force magnitude
G = constraint violation
g = gravitational constant
g1 = displacement constraint
H = Hamiltonian
i = unit vector in the x direction
j = unit vector in the y direction
k = unit vector in the z direction
m = particle mass
N = number of time steps
P = particle momentum
p = momentum in the x direction
q = momentum in the y direction
T = kinetic energy
t = time
t1 = time at the beginning of a time step
t2 = time at the end of a time step
u = particle velocity in the x direction
V = potential energy
v = particle velocity in the y direction
w = particle velocity in the z direction
x = particle lateral coordinate
y = particle longitudinal coordinate
z = particle vertical coordinate
�E = change in total energy
�t = time-step duration
�� � = variation of a quantity
� = Lagrange multiplier
� = nondimensional time
� = time derivative
� = value at a time-step midpoint
^ = value at a time-step endpoint

I. Introduction

OVER approximately the past 30 years, dozens of researchers
have investigated the advantages of using Hamilton’s law (or

Hamilton’s law of varying action) to obtain direct solutions for the
response of dynamic systems. In this context, direct solutions refer to
those solutions obtained without first deriving a set of differential
equations. Bailey [1–4] was one of the first to promote the use of
Hamilton’s law as a means for obtaining direct solutions for discrete
and continuous systems. The practicality of the method in obtaining
solutions to difficult problemswas demonstrated byHodges [5], who
used it to obtain direct solutions to a Sturm–Liouville problem with
discontinuous coefficients. Other examples of the applications of the
method include thework of Borri et al. [6], Borri andMantegazza [7],
Hodges and Bless [8], Kunz [9], and others.

Baruch and Riff [10] solidified the theoretical legitimacy and the
proper formulation of direct solutions using Hamilton’s law when
they showed that there existed several possible correct formulations.
They also investigated the various aspects involved in obtaining
accurate numerical results [11,12]. In a majority of the afore-
mentioned investigations and applications, however, the equations
obtained from Hamilton’s law were derived specifically for a single
dynamic system. To develop a general-purpose multibody analysis
capability that incorporates direct solutionmethods, onewouldprefer
that the governing equations for the dynamic system under investi-
gation be built up from libraries of equations for various types of
bodies and joints.

Although the cited investigations demonstrate the accuracy of
direct solutionmethods, there are few, if any,numerical investigations
that address the accuracy of direct solution methods applied to
dynamic systems with explicit constraints. However, much of the
knowledge that has been accrued from investigations using timefinite
elements to obtain numerical solutions for ordinary differential
equations [13–16] is applicable to direct solutions. The reason is that
direct solution methods in mixed form can easily be shown to yield
similar equations to those one would obtain by applying the method
of time finite elements to ordinary differential equations in first-order
form.

The objectives of this paper are to address the accuracy of direct
solutions using Hamilton’s law and to investigate means for quanti-
fying the accuracy of those solutions. In [9], for example, the ac-
curacy of the direct solutions obtained for the dynamics of a double
pendulum was quantified by comparing those solutions with a truth
solution and by measuring the change in total energy. The truth solu-
tion consisted of the solution of ordinary differential equations, the
accuracy ofwhich had been quantified using themethod proposed by
Junkins and Lee [17]. Measuring the change in total energy is prac-
tical and is a good measure of accuracy for conservative systems.
However, comparisonwith a truth solution is generally inconvenient,
because it involves setting up and solving two identical problems.
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Therefore, this paper will specifically address the use and charac-
teristics of energy change (for conservative dynamic systems) as a
measure of accuracy andwill also investigate constraint violation (for
constrained dynamic systems) as an additional measure of accuracy.

II. Mathematical Model

The mathematical model that will be used for this investigation
represents a particle rolling without friction inside an axially sym-
metric (circular) parabolic bowl (see Fig. 1). An inertial coordinate
system is defined such that the z axis is vertical (positive up), and the
x and y axes form a horizontal plane that is tangent to the bottom of
the bowl. Gravity acts in the negative z direction.

The particle, while rolling in the circular parabolic bowl, has three
coordinates that are reduced to two degrees of freedom when the
displacement constraint equation (1) is enforced:

g1�x; y; z� � z � a�x2 � y2� � 0 (1)

The resulting mathematical system can be solved by using either of
two methods: nonlinear differential equations or nonlinear algebraic
equations.

If the model is represented mathematically by differential equa-
tions, there are at least three alternative formulations that may be
used. First, the equations may be written as two nonlinear second-
order ordinary differential equations. In that case, the constraint
equation is enforced implicitly by directly using it to eliminate one of
the coordinates (usually z for this example). Second, the equations
may be written as four nonlinear first-order ordinary differential
equations, in which the constraint equation is again enforced implic-
itly. If one desires to include the displacement constraint explicitly,
there is a third alternative, in which themodel may be formulated as a
set of differential-algebraic equations (DAEs). In this case, the
governing equations are written as six differential equations and
either one or two algebraic equations [18]. The reason for the exis-
tence of multiple DAE formulations is that the simplest formulation
is index 3 and, in general, DAEs with lower index numbers are more
amenable to numerical solution. Therefore, index 3 DAEs are often
reformulated into index 2 or index 1 form [18].

Governing equations in the form of nonlinear algebraic equations
may be obtained through the use of Hamilton’s law of varying action.
The number of algebraic equations depends on how Hamilton’s law
is implemented. In this paper, only mixed formulations will be
considered, because the equations are simpler and all of the end
conditions are natural, or weak. If Eq. (1) is enforced implicitly, the
result is four nonlinear algebraic equations that are analogous to the
first-order ordinary differential equations discussed previously.
WhenEq. (1) is enforced explicitly, themathematicalmodel obtained
from Hamilton’s law consists of six nonlinear algebraic equations
plus one constraint equation. These equations are analogous to the
index 3 form of the DAEs. A formulation consisting of six nonlinear
algebraic equations plus two constraint equations, which is
analogous to the stabilized index 2 form of the DAEs, may also be
obtained from Hamilton’s law.

This problem was selected because, although it has little practical
value in and of itself, the derivations for a number of different
formulations are relatively straightforward. The Cartesian system of
coordinates is used because changes to the shape of the bowl (e.g.,
from circular to elliptical) could be readily accomplished in any of
the formulations by an appropriate modification of the constraint
equation. Furthermore, the dynamics of the problem are not trivial,

and the results should adequately achieve the objectives of this
investigation.

A. Derivation of the Ordinary Differential Equations

The ordinary differential equations of motion for the particle can
easily be derived using either Newton’s second law or Lagrange’s
equation. Newton’s method starts with the calculation of the particle
momentum:

P �m
�
dx

dt
i� dy

dt
j� dz

dt
k

�
(2)

The external forces acting on the particle include the gravitational
force, which acts in the z direction, and the constraint force, which
acts in a direction normal to the surface of the bowl:

F � fc
rg1
jrg1j

�mgk (3)

Newton’s second law sets the time derivative of Eq. (2) equal to
Eq. (3),which yields one equation in each of the i, j, andk directions.
After solving the k equation for fc, and substituting the result for fc
into the i and j equations, two second-order differential equations are
obtained. These can be transformed into first-order form, yielding
Eqs. (4–7):

dx

dt
� u (4)

dy

dt
� v (5)

�1� 4a2x2� du
dt
� 4a2xy

dv

dt
���4a2x�u2 � v2� � 2gax� (6)

4a2xy
du

dt
� �1� 4a2y2� dv

dt
���4a2y�u2 � v2� � 2gay� (7)

In addition to the differential equations ofmotion, an equation can be
written for the magnitude of the constraint force, as a function of the
particle position and velocity:

fc �m
g� 2a�u2 � v2�������������������������������������
1� 4a2�x2 � y2�

p (8)

Lagrange’s equation can also be used to derive the ordinary
differential equations for the particle. The kinetic and potential
energies of the particle are defined in Eqs. (9) and (10), respectively:

T � 1

2
m

��
dx

dt

�
2

�
�
dy

dt

�
2

�
�
dz

dt

�
2
�

(9)

V ��mgz (10)

After using Eq. (1) and its time derivative to substitute for z and its
derivative in Eqs. (9) and (10), Lagrange’s equation yields two
second-order ordinary differential equations. When transformed to
first-order form, Eqs. (4–7) are obtained. However, Lagrange’s
equation does not yield an expression for the constraint force.

B. Derivation of the Differential-Algebraic Equations

The differential-algebraic equations for the particle are also ob-
tained from the kinetic and potential energies in Eqs. (9) and (10). In
this derivation, however, Eq. (1) is not substituted directly to elimi-
nate the dependent coordinate. Instead, it serves as an independent
constraint equation that is coupled to the differential equations using
a Lagrange multiplier [19]. The resulting equations of motion are
shown as Eqs. (11–17), where � is the Lagrange multiplier:Fig. 1 Axially symmetric parabolic bowl.
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dx

dt
� u (11)

dy

dt
� v (12)

dz

dt
� w (13)

du

dt
�� 2ax

m
� (14)

dv

dt
�� 2ay

m
� (15)

dw

dt
��g� 1

m
� (16)

z � a�x2 � y2� � 0 (17)

Note that Eqs. (11), (12), and (17) are identical to Eqs. (4), (5), and
(1), respectively. It is also pertinent to note that Eqs. (11–17) form a
set of semi-implicit index 3 DAEs.

The index number of the DAEs can be reduced to semi-implicit
index 2 form by replacing Eq. (17) with its derivative, Eq. (18):

w � 2a�xu� yw� � 0 (18)

Although this procedure does reduce the index number, it has been
observed [18] that numerical solutions tend to drift because the
displacement constraint is not being enforced explicitly. The index
may be further reduced by replacing Eq. (18) with its derivative, the
result being a set of DAEs in semi-implicit index 1 form.

C. Derivation of the Algebraic Equations from Hamilton’s law

Starting with the kinetic and potential energies from Eqs. (9) and
(10), we again substitute for z and its time derivative based on Eq. (1).
Hamilton’s law of varying action may then be expressed as shown in
Eq. (19):

�

Z
t2

t1

�T � V� dt� �xpjt2t1 � �yqj
t2
t1 � 0 (19)

The end terms in Eq. (19) are expressed in terms of the momenta p
and q, and the kinetic energy may be expressed in terms of these
quantities as well. The momenta, rather than velocities, are used in
this case simply to make the algebraic manipulations that follow
easier to manage. To take full advantage of Hamilton’s law, Eq. (19)
should also be expanded and cast in its weakest possible form, which
results in a mixed formulation in which all of the end conditions are
natural:Z

t2

t1

�� _xp � � _px� � _yq � � _qy � �H� dt� �pxjt2t1 � �xpj
t2
t1

� �qyjt2t1 � �yqj
t2
t1 � 0 (20)

The Hamiltonian H is expressed as follows:

H� 1

2

�1� 4a2y2�p2 � �1� 4a2x2�q2 � 8a2xypq

m�1� 4a2x2 � 4a2y2�
�mga�x2 � y2� (21)

Equation (20), which is often called Hamilton’s weak principle,
can now be expanded with the goal of collecting the coefficients of
the variations of the generalized coordinates. To achieve that goal,
twomore steps are needed. First, time is nondimensionalized accord-
ing to Eq. (22):

� � t� t1
t2 � t1

� t� t1
�t

(22)

Then both the generalized coordinates and their variations are
discretized. Equation (20) was purposely derived in a manner such
that no time derivatives of the generalized coordinates appear in the
equation. This means that the shape functions that are used to
discretize the generalized coordinates may be constant over each
time step. On the other hand, time derivatives of the variations of the
generalized coordinates do appear, and so their shape functions must
be linear. Equations (23) and (24) serve as examples of how the
discretization was performed for all of the generalized coordinates
and their variations:

x�

8<
:
x̂1 � � 0

�x 0< � < 1

x̂2 � � 1

(23)

�x� �x1�1 � �� � �x2� (24)

Clearly, the hatted quantities in Eqs. (23) and (24) represent the
values of the generalized coordinates at the ends of the time step, and
the barred quantities represent the values of the generalized
coordinates at the midpoint of the time step.

Once the substitutions of the discretizations for the generalized
coordinates and their variations have been performed, the coeffi-
cients of the variational quantities (e.g., �x1) can be identified and set
equal to zero. These eight nonlinear algebraic equations can be
solved directly for the dynamic response. However, it can be ob-
served that when the pairs of equations associated with each
generalized coordinate are subtracted from one another, one obtains
the result that the barred quantities are the averages of the hatted
quantities. For example,

�x� x̂1 � x̂2
2

(25)

Then, the pairs of equations can be added to one another, the barred
quantities can be eliminated, and only four equations need to be
solved simultaneously. Equations (26–29) are the resulting nonlinear
algebraic equations:

p̂ 2 � p̂1 ��t

�
2mga �x� 4a2� �x �q� �y �p� �q

m�1� 4a2 �x2 � 4a2 �y2�

� 4a2 �x��1� 4a2 �y2� �p2 � �1� 4a2 �x2� �q2 � 8a2 �x �y �p �q�
m�1� 4a2 �x2 � 4a2 �y2�2

�
� 0

(26)

q̂ 2 � q̂1 ��t

�
2mga �y� 4a2� �y �p� �x �q� �p

m�1� 4a2 �x2 � 4a2 �y2�

� 4a2 �y��1� 4a2 �y2� �p2 � �1� 4a2 �x2� �q2 � 8a2 �x �y �p �q�
m�1� 4a2 �x2 � 4a2 �y2�2

�
� 0

(27)

x̂ 2 � x̂1 ��t

�
�1� 4a2 �y2� �p � 4a2 �x �y �q

m�1� 4a2 �x2 � 4a2 �y2�

�
� 0 (28)

ŷ 2 � ŷ1 ��t

�
�1� 4a2 �x2� �q � 4a2 �x �y �p

m�1� 4a2 �x2 � 4a2 �y2�

�
� 0 (29)

D. Algebraic Equations from Hamilton’s Law

with Appended Constraints

The derivation of the nonlinear algebraic equations used to obtain
direct solutions from Hamilton’s law when constraints are appended
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proceeds in a manner that is very similar to the derivation in the
previous subsection. Therefore, steps that are identical in both
derivations will not be described again. One significant difference is
the starting point for the derivation. Because of the displacement
constraint, Eq. (19) must be modified by appending the constraint
equation with a Lagrange multiplier as follows:

�

Z
t2

t1

�T � V � �g1�x; y; z�� dt � �xpjt2t1 � �yqj
t2
t1 � 0 (30)

where g1 is the displacement constraint:

g1 � z � a�x2 � y2� (31)

For this formulation of the problem, it turns out that using the
momenta ismore complicated algebraically than using the velocities.
Therefore, Hamilton’s weak principle for this formulation takes the
form of Eq. (32):

Z
t2

t1

f� _xmu � � _umx� � _ymv � � _vmy� �_zmw � � _wmz �m��uu

� �vv� �ww� � �zmg� ���z� a�x2 � y2�� � ��z
� 2a��xx� �yy���g dt� �umxjt2t1 � �vmyj

t2
t1 � �wmzj

t2
t1

� �xmujt2t1 � �xmvj
t2
t1 � �zmwj

t2
t1 � 0 (32)

From this point forward, the procedure for deriving the nonlinear
algebraic equations follows the procedure used in the last subsection.
That is, time is nondimensionalized according to Eq. (22), and the
generalized coordinates are discretized in a manner identical to
Eqs. (23) and (24). One difference is that there are no time derivatives
of �� and so it may be discretized according to Eq. (23). Once again,
after the discretization substitutions are made, the coefficients of the
variational quantities are collected and set equal to zero. By summing
and differencing the pairs of equations associated with each gener-
alized coordinate, six equations in the form of Eq. (25) are obtained,
as are seven equations that can be solved to obtain the dynamic
response of the system:

m�x̂2 � x̂1� �m �u�t� 0 (33)

m�ŷ2 � ŷ1� �m �v�t� 0 (34)

m�ẑ2 � ẑ1� �m �w�t� 0 (35)

m�û2 � û1� � 2a �x ���t� 0 (36)

m�v̂2 � v̂1� � 2a �y ���t� 0 (37)

m�ŵ2 � ŵ1� � �mg � ����t� 0 (38)

�z � a� �x2 � �y2� � 0 (39)

Note that Eqs. (33–39) are very similar in form to Eqs. (11–17).
This suggests that the equations derived from Hamilton’s law are
simply a different form of the semi-implicit index 3 DAEs. It is also
important to note that the generalized coordinates in Eq. (39) are
barred, indicating that they are values at themidpoint of the time step.
Because this equation is equivalent to the constraint equation (31),
the derivation suggests that the displacement constraint should be
enforced at the midpoint of the time step. Further discussion of this
issue will be addressed in the following section.

III. Numerical Results

The numerical results to follow were calculated using Octave, an
open-source clone of MATLAB. In this investigation, the LSODE
(Adams predictor–corrector) algorithm [20,21] that is implemented
in Octave has been used (with all of the default options) to solve the
ordinary differential equations derived in Sec. II.A. The nonlinear
algebraic equations derived in Secs. II.C and II.D have been solved
using Powell’s hybrid method [22]. This algorithm has been im-
plemented as the Fortran subroutine HYBRD and is also included
in Octave. All of the default options in the Octave implementation
of HYBRD have been used. A limited number of numerical
solutions of the DAEs derived in Sec. II.B were obtained using the
Octave implementation of DASPK, an updated implementation of
DASSL [18].

All of the numerical results presented in this paper have been
calculated with values of m� 1:0 kg, a� 0:5 1=m, and g�
�9:806555 m=s. The initial conditions for the particle are x�0��
1:0 m, y�0� � 0:0 m, u�0� � 0:0 m=s, and v�0� � 0:2 m=s. Initial
values for z and w, when needed, were calculated from Eqs. (1) and
(18). For a simulation to start correctly for a general set of initial
conditions, those initial conditionsmust also satisfyEqs. (1) and (18).
The simulations in this paperwere all run for 5.0 s using various time-
step sizes. Figure 2 shows the displacements and velocities of the
particle calculated from the ordinary differential equations using a
time stepof 0.05 s.Because all other successfully calculated solutions
are sufficiently accurate that their differences cannot be observed in
displacement andvelocityplots,Fig.2will serveasbeing typicalof all
such solutions.

For all of the cases to follow, the change in total energy from the
value at the initial state of the system will be displayed. Herein, total
energy is defined as the sum of the kinetic energy equation (9) and
potential energy equation (10). The norm and the rms values of the
change in total energy over the duration of the simulation will be
calculated according to Eqs. (40) and (41). Percent energy change
may be obtained by multiplying by 100:

k�Ek �

������������������XN
i�0

�E2
i

vuut ; �Ei 	
E�t� ti� � E�t� t0�

E�t� t0�
(40)

�Erms �
������������������
1

N
k�Ek

r
(41)

For the cases in which the constraint equations are explicit, the norm
and rms values of the constraint violation G over the duration of the
simulation will be calculated according to algorithms similar to that
used for the energy change:

kGk �

����������������������������XN
i�0

g21�t� ti�

vuut (42)

Grms �
��������������
1

N
kGk

r
(43)

Because Eqs. (42) and (43) define the norm and rms displacement
constraint violation over the time interval, the definitions for the
norm and rms velocity constraint violation are obtained by substi-
tuting the left-hand side of Eq. (18) for g1 in Eqs. (42) and (43).

A. Ordinary Differential Equations

As explained previously, the ordinary differential equations for the
motion of a particle in a circular parabolic bowlwere solved using the
LSODE algorithm. Because [9] demonstrated that this algorithm
displays sufficient accuracy using inverse dynamics [17], no addi-
tional validation will be presented. However, for the purposes of
comparing these results with direct solutions, we need to look at
energy conservation. The solution fromLSODE returns x, y, u, and v
at the end of each time step, fromwhich z andw, followed by the total
energy, may be calculated.
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Figure 3a shows the norm and rms values of the change in energy
as the size of the time step is varied. Curiously, the norm of the energy
change increases as the size of the time step decreases, whereas the
rms value of the energy change remains relatively constant. The
reason for this behavior is that whereas the energy change per time
step does decrease as the time step decreases in size, the number of
time steps for the 5.0 s simulation increases at a rate that makes the
solution appear to get less accurate as the sizes of the time steps
decrease. The rms value of the energy change actually gives a more
accurate estimate of the error.

When the energy change �Ei is viewed as a function of time for
each time-step size, one can see that the change in energy is nearly
identical for all time-step sizes. Figure 3b, which is typical of all of
the other energy-change-vs-time plots, shows that there is a small net
loss of energy over the duration of the simulation. The loss of energy
averages between 0:20 
 10�6 and 0:24 
 10�6 per second. This rate
of energy loss should not cause significant problems unless the
simulation approaches 10,000 s in duration.

B. Differential-Algebraic Equations

The algorithm DASPK used in this investigation to obtain
numerical solutions for DAEs was designed to solve only index 1
DAEs. Indeed, experimentation showed that numerical solutions for
the semi-explicit index 3 form shown in Eqs. (11–17) could not be
obtained from DASPK. However, numerical solutions for the semi-
explicit index 2 form [Eqs. (11–16) and (18)] could be obtainedwhen
the algebraic variables were excluded from the error estimate.
Presumably, the reason that it was possible to obtain these solutions
was that as a rule, a semi-implicit case behaves much like the general
case of one index lower. Because DASPK was designed to solve
index 1 DAEs, solutions for semi-implicit index 2DAEsmay also be
obtained. For this formulation, DASPK returns x, y, z, u, v,w, and �
at each time step, fromwhich the total energy and constraint violation
may be calculated.

Results for the change in energy during a 5 s simulation are shown
in Fig. 4. Figure 4a indicates that the rms value of the energy change
is invariant with time step. However, a comparison of Fig. 4a with
Fig. 3a shows that the rms energy change for the DAE solution is
several orders of magnitude larger than the rms energy change for the
ordinary differential equation (ODE) solution. The energy change as
a function of time for a step size of 0.001 s is shown in Fig. 3b. It is
interesting to note that the shape of the curve in Fig. 3b is virtually
identical for all time-step sizes.

The accuracy of the solution of the semi-implicit index 2 DAEs as
measured by the violation of the velocity and displacement
constraints is shown in Figs. 5 and 6. The result of the index reduction
from index 3 to index 2 was that the velocity constraint was being
enforced by the DAEs, whereas the displacement constraint was not
being enforced. In Fig. 5a, it can be seen that the rms value of the
velocity constraint violation is acceptably small and relatively
constant with the size of the time step. Figure 5b shows that, apart
from small intermittent deviations, the velocity constraint is being
well enforced.

Figure 6 illustrates the behavior of the displacement constraint,
which is not being explicitly enforced in the DAEs. As seen in
Fig. 6a, the rms value of the constraint violation is only an order
of magnitude larger than the rms value of the velocity constraint
violation. Furthermore, as in the case of the velocity constraint, the
displacement constraint violation is relatively insensitive to the time-
step size. However, the problem of drift, discussed in Sec. II.B, is
evident in Fig. 6b. The constraint violation at any selected time is
small, but is not as well-behaved as the velocity constraint in Fig. 5b.

C. Implicit Direct Solution

The implicit formulation of the direct solution, as derived in
Sec. II.C, was obtained by substituting the displacement and velocity
constraint equations directly into the kinetic and potential energy.
The four resulting nonlinear algebraic equations (26–29) can be

a) Displacement b) Velocity
Fig. 2 Particle displacement and velocity vs time.
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Fig. 3 Solutions from the ordinary differential equations.
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solved using the HYBRD algorithm. A comparison of these equa-
tions with the ordinary differential equations (4–7) reveals strong
similarities. The solution of the nonlinear algebraic equations at each
time step returns x, y,p, andq, fromwhichu and vmay be computed,
followed by the calculation of the total energy.

The norm and rms values for a range of time-step sizes are
displayed in Fig. 7a. The trends in those curves are much different
from the curves in Fig. 3a, because the norm and rms values in
Fig. 7a both decrease with decreasing step size. However, there is a
difference in slope, which again results from the fact that the cal-
culation of the norm does not account for the increase in the number
of time steps as the step size decreases. It also appears that there is a

break-even point at a step size of approximately 0.002 s. Above that
value, the ODE solution is superior, whereas at smaller step sizes,
the implicit direct solution is better. Figure 7a shows that the point at
which round-off error begins to overshadow the truncation (time-
step size) error was not reached. However, at a time-step size of
0.0004 s, high-frequency oscillations in the energy began to appear
and grew larger at the 0.0002 s time-step size. Therefore, further
reductions in the size of the time step were halted.

It is apparent by comparing Fig. 7b with Fig. 3b that the char-
acteristics of the change in total energy for the two solution methods
are very different. The energy change for the direct solution is
periodic, with a period approximately equal to the period of the z

a) RMS values for a range of time step sizes b) Velocity constraint violation for ∆ t = 0.001 s

Fig. 5 Velocity constraint violation for semi-implicit index 2 differential-algebraic equations.

a) Norm and rms values of energy change b) Energy change for ∆ t = 0.001 s

Fig. 4 Solutions from the semi-implicit index 2 differential-algebraic equations.

a) Norm and rms values for a range of time step sizes b) Displacement constraint violation for ∆ t = 0.001 s

Fig. 6 Displacement constraint violation for semi-implicit index 2 differential-algebraic equations.
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displacements; and the greatest difference in energy occurs when the
particle reaches its lowest point in the bowl. Longer simulations have
demonstrated that for a specified time step, the periodicity of the
direct solution is maintained, whereas the ODE solution continues to
lose energy. Therefore, when energy conservation is used as a
measure of solution accuracy, the direct method outperforms the
ODE solution method, even for simulations of relatively short
duration. Also, whereas step size has a relatively insignificant effect
on the energy loss in the ODE solution, the amplitude of the periodic
variations in energy from the direct solution can be reduced by
decreasing the time step.

D. Explicit Direct Solution with Displacement Constraints

In the previous subsection, it was demonstrated that a direct
solution of nonlinear algebraic equations with implicit constraints,
which correspond closely to the first-order differential equations for
the same system, may be at least as accurate, if not more so, as the
solution obtained from differential equations. Now we wish to
compare direct solutions for a set of equations in which the
constraints are explicit to direct solutions from the equations with
implicit constraints. For this formulation, the numerical algorithm
returns x, y, z, u, v, w, and � at each time step, from which the total
energy and constraint violation may be calculated.

In this subsection, the displacement constraints will be enforced in
a manner analogous to the semi-implicit index 3 form of the DAEs in
Sec. II.B. Two cases will be considered. The first case is one in which
the displacement constraint is enforced at the midpoint of the time
step, as suggested by Eq. (39). In the second case, the displacement
constraint is enforced at the end of the time step, as suggested by [23].
Powell’s hybrid method is used to solve the equations for the first
case, which include Eqs. (33–39). The same algorithm is used to
solve the same set of equations for the second case, with the
exception that �x� x̂, �y� ŷ, and �z� ẑ in Eq. (39).

As discussed in Sec. II.D, a strict development of the equations
results in the constraints being enforced at the midpoint of the time
step. The plots in Fig. 8 show the change in energy that results from
enforcing the displacement constraint in this manner. Both the norm
and rms values of the energy change are unacceptably large for all
time-step sizes, and as shown in Fig. 8b, these values result from a
dramatic increase in energy that starts approximately 3.5 s into the
simulation.

According to Fig. 9a, the displacement constraint is working as
one would expect. That is, the displacement constraint violation at
the midpoint is small, because that constraint is being enforced, and
the constraint violation at the endpoint, although orders ofmagnitude
larger, is satisfactory and decreases as the size of the time step
decreases. Figure 9b, however, shows a disturbing trend in which the
constraint violation oscillates at a high frequency and (relatively)
large amplitude as the simulation nears its end. This disturbing trend
is reinforced by the velocity constraint violation shown in Fig. 10.
Although the rms value of the velocity constraint violation at the
midpoint decreases with decreasing time-step sizes, as it should,
Fig. 10a shows the constraint violation at the endpoint to be un-
acceptably large and mostly unaffected by decreasing the time-step
size. This observation is borne out by extremely large oscillations in
the violation of the endpoint velocity constraint, as shown in
Fig. 10b, and also provides the explanation for the large excursions in
energy change shown in Fig. 8b. It would appear that the displace-
ments and velocities are allowed to drift from the midpoint to the
endpoint of each time step. In subsequent steps, the midpoint con-
straint is enforced, but the starting value is compromised due to the
inaccuracy of the endpoint from the previous step [see Eq. (25)] and
yields a less accurate result at the end of the current step. As the
simulation proceeds, these errors cascade until the solution algorithm
is overwhelmed and fails.
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Fig. 8 Direct solutions from Hamilton’s law with explicit midpoint displacement constraints.
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Fig. 7 Direct solutions from Hamilton’s law with implicit constraints.
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The second case, in which the displacement constraint is
enforced at the endpoints of the time steps, shows very different
behavior as compared with the first case. The rms values of the
energy change, as shown in Fig. 11a, are very small (less than 10�9)
when the displacement constraint is enforced at the endpoints of the
time steps, and they are relatively unaffected by the size of the time
step. The increase in the norm of the energy change with decreasing
time-step size is again merely an artifact of the number of steps not
being taken into account. Figure 11b shows that the energy change
is prone to oscillate, but the amplitudes are insignificant for
sufficiently small time steps. A comparison of the magnitudes of the
energy oscillations in Figs. 7 and 11 indicates that direct solutions

with explicit constraints enforced at the endpoints actually
outperform direct solutions with implicit constraints.

Because the displacement constraints are being enforced at the
endpoints, the amount of displacement constraint violation at the
endpoints, as shown in Fig. 12, is extremely small (on the order of
machine precision) and unaffected by time-step size. As one would
expect, Fig. 13a shows that decreasing the size of the time step also
decreases the norm and rms values of the velocity constraint
violation. With a sufficiently small time step, the constraint violation
can be reduced to acceptable levels. As illustrated in Fig. 13b, the
change in velocity constraint violation is periodic, with a period
approximately equal to the period of the z coordinate.
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Fig. 10 Velocity constraint violation for explicit displacement constraints enforced at the midpoint.
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Fig. 11 Direct solutions from Hamilton’s law with explicit endpoint displacement constraints.
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Fig. 9 Displacement constraint violation for explicit displacement constraints enforced at the midpoint.
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IV. Conclusions

This paper has compared the accuracy of results from simulations
of a dynamic system using a variety of numerical solution methods.
These solution methods included time integration of ordinary
differential equations and differential-algebraic equations, direct
solutions of nonlinear algebraic equations derived from Hamilton’s
law in which the constraints were implicit, and similar direct
solutions of equations in which the constraints were explicit. The
constraints were enforced explicitly at the midpoint and endpoint of
each time step.

Numerical simulations using the various formulations of the
dynamic system showed that accurate results, based on energy con-
servation and constraint violation, could be achieved using several
of the formulations. The traditional approach of solving ordinary
differential equations yielded good results, as expected, but calcu-
lations performed using the nonlinear algebraic equations asso-
ciated with the direct solution with implicit constraints conserved
energy better and would appear to be better suited for very long
simulations. Somewhat surprisingly, solutions obtained from a
direct solution for which the displacement constraint was enforced
at the endpoint of each time step yielded results that were superior
to results from the ordinary differential equations and the implicit
direct solution.

Numerical solutions of the differential-algebraic equations
produced adequate results in terms of the velocity and displacement
constraints being enforced. However, the rms change in energy over
the duration of the simulation was quite large, as compared with
the simulations using the ordinary differential equations and the
algebraic equations inwhich the constraints were enforced implicitly
or explicitly at the end of each time step. This concern, in addition to
the extra analytical effort required for the index reduction, would

appear to render this solution method to be less desirable than the
others for numerical simulations.

The direct solution in which the displacement constraint was
enforced explicitly at the midpoint of each time step failed to yield
an adequate solution. It was able to reduce the violation of the ve-
locity constraints at the midpoint and the displacement constraints
at the endpoint of each time step. However, it was not able to exert
sufficient control over the velocity at the endpoint, which resulted in
its inability to conserve the total energy of the system.

In conclusion, it has been shown that direct solutions based on
Hamilton’s law of varying action are capable of achieving numerical
results that are equal or superior to numerical results obtained from
ordinary differential equations or differential-algebraic equations.
It is important to emphasize that when performing numerical simu-
lations using direct methods in which the constraints are explicit the
numerical accuracy and stability of the solution requires that the
constraints be enforced at the end of each time step. Although direct
methods may not be sufficient for every analysis requirement, they
deserve to be considered as an excellent alternative for applications
that focus on numerical simulations.
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